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We describe a uniform factorization for the operators in a relatively compact set
Ž .HU X, Y , where X, Y are Banach spaces and U is a closed, injective, and
surjective operator ideal. To be precise, we prove that there are a Banach space Z;
Ž . Ž . Ž .operators uU X, Z ,  U Z, Y ; and a relatively compact set HU Z, Z
such that every TH may be written in the form TTu, with TH.  2001
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In this paper we prove the following:
THEOREM 1. Gien Banach spaces X, Y; a closed, injectie, and surjec-
Ž .tie operator ideal U ; and a relatiely compact set HU X, Y , there are a
Ž . Ž .Banach space Z; operators uU X, Z ,  U Z, Y ; and a relatiely
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Ž .compact set HU Z, Z such that eery TH may be written in the form
TTu, with TH.
 Our proof is based on a refined version 4 of the factorization of Davis
 et al. 2 .
 Aron et al. 1, Corollary 3 , using techniques of locally convex spaces
Ž .among others , proved a similar result for relatively compact subsets of
Ž  . Ž  . Ž  .  K X , Y or L X , Y , where L X , Y is the space of allw w w
  Ž  .weak weak continuous linear maps from X into Y, and K X , Y isw
the subspace of all compact maps. This result was previously obtained by
 Graves and Ruess 6 for X that is either an L -space or an L -space. 1
Ž  . Ž Ž  .. Since K X , Y resp. L X , Y can be identified with the spacew w
Ž .of all compact resp. weakly compact operators from X into Y, Theorem
Ž  .1 is a consequence of the results of Aron et al. see 1, Corollary 3 for U,
either the compact operators or the weakly compact operators. On the
Ž  . Žother hand, it does not seem that the operator space K X , Y resp.w
Ž  ..L X , Y could be described as an operator ideal. So Theorem 1 doesw
   not include the results of 1 and 6 on these spaces.
Throughout, X, Y, and Z will denote Banach spaces, and  will be the
set of natural numbers. We use B for the closed unit ball of X, and XX
Ž .for its dual. If A X, then  A denotes the absolutely convex, closed
Ž .hull of A. The space of all linear bounded operators from X into Y,
Ž .endowed with the usual operator norm, is denoted by L X, Y . Given
Ž .  Ž   .T L X, Y , its adjoint is represented by T  L Y , X .
   ² :  4For a set D X , we let D x X : x,  	 1 for all D .
Given a subspace M X , 
M will be the subspace of X orthogonal
to M.
The definition and general properties of operator ideals may be seen in
   11 . An operator ideal U is said to be injective 11, 4.6.9 if, given an
Ž .operator T L X, Y and an injective isomorphism i: Y Z, we have
 that TU whenever iTU. The ideal U is surjective 11, 4.7.9 if, given
Ž .T L X, Y and a surjective operator q: Z X, we have that TU
 whenever TqU. We say that U is closed 11, 4.2.4 if for all X and Y,
Ž .  Ž . 4 Ž .the space U X, Y  T L X, Y : TU is closed in L X, Y .
Ž .We say that U is factorizable if, for every TU X, Y , there are a
Ž . Ž .Banach space Z and operators k L X, Z and j L Z, Y so that
T jk and the identity I of the space Z belongs to U.Z
If U is an operator ideal, the dual ideal U d is the ideal of all operators
T such that the adjoint T belongs to U.
Examples of closed, injective, and surjective operator ideals are the
  Ž .following 5 : the weakly compact operators, the Rosenthal operators, the
 BanachSaks operators 9, Sect. 3 , the operators with separable range,
 the Asplund operators 11, 24.4 , and the operators with adjoint in one of
GONZALEZ AND GUTIERREZ´ ´512
the above-mentioned ideals. All of these ideals, except for the compact
operators, are also factorizable. Moreover, the dual ideal of a closed,
injective, and surjective operator ideal also has these properties.
Ž .For the reader’s convenience, we recall that an operator T L X, Y is
Ž .Rosenthal if every sequence in T B has a weak Cauchy subsequence.X
The following two lemmas will be needed:
 LEMMA 2 8, Theorem 20.7.3 . An operator ideal U is closed and
Ž .injectie if and only if for an operator T L X, Y to belong to U it is both
necessary and sufficient that for each  0 there exist a Banach space Z and
Ž .an operator S U X, Z so that 
 T x 	 S x   x x X .Ž . Ž . Ž .
 LEMMA 3 9, Proposition 2.9 . An operator ideal U is closed and
Ž .surjectie if and only if for an operator T L X, Y to belong to U it is both
necessary and sufficient that for eery  0 there exist a Banach space Z and
Ž .an operator S U Z , Y such that 
T B  S B  B .Ž . Ž .X  Z Y
Ž .Given a bounded subset H L X, Y , let
W  T B ,Ž . Xž /
TH
and let q be the gauge of 2 nW 2nB . Clearly, q is a norm on Yn Y n
Ž .equivalent to the original norm. In l Y, q , we consider the diagonaln2
subspace
Y  y  l Y , q : y  y for all n 4Ž . Ž .H n n n 12
ŽŽ ..and define j : Y  Y by j y, y, y, . . .  y.H H H
PROPOSITION 4. We hae
j B  2 nW 2nBŽ .H Y YH
for all n.
Ž . Ž .2Proof. If y, y, y, . . .  B , then Ýq y 	 1. Clearly, this impliesY nH n nŽ .that q y  1 for all n. So y 2 W 2 B for all n.n Y
We denote by W  the weak-closure of

 T B .Ž . Yž /
TH
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Let q be the gauge of 2 nW  2nB  and let p be the gauge ofn X n
 Ž n  n . Ž . Ž   .2 W  2 B . Clearly, X, p and X , q are isometrically iso-X n n
Ž . Ž   .morphic, and so are l X, p and l X , q .n n2 2
Consider the subspace
M    l X , q :    for all n 4Ž . Ž .H n n n 12
and the quotient space
X  l X , p  
M ,Ž .H n H2
Ž . Ž . 
and define k : X X by k x  x, 0, 0, . . .  M .H H H H
PROPOSITION 5. We hae
n n  k x 	 2 sup T x  2 xŽ . Ž .H
TH
for all x X and n.
Proof. For every x X and n, we have
x , 0, . . . , 0, x , 0, . . . 
M .Hž /
Ž .n
Hence,
k x 	 0, 0, . . . , 0, x , 0, . . .Ž .H ž /
Ž .n
 p xŽ .n
n n² :  sup x ,  :  2 W  2 B 4X
n n
 ² : sup x , 2 T   2  : TH ,  B ,  BŽ . 4Y X
n
² :	 sup 2 T x ,  : TH ,  BŽ . 4Y
n ² :  sup 2 x ,  :  B 4X
n n   2 sup T x  2 x .Ž .
TH
Ž . T  Ž n  Ž .Given an operator T L X, Y , let p be the gauge of 2 T B n Y
n .  Ž n  n . T Ž . 2 B . Since this set contains 2 W  2 B , we have p x 	X X n
Ž .p x for all x X. Consider the subspacen

TN  x  l X , p : T x  0Ž . Ž .Ž . ÝT n n n2½ 5
n1
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and let
X  l X , pT N .Ž .T n T2
T n Ž . n Ž .Similarly, let q be the gauge of 2 T B  2 B . Clearly, q y 	n X Y n
T Ž .q y for all y Y. Consider the subspacen
Y  y  l Y , qT : y  y for all n .Ž . 4Ž .T n n n 12
Ž  .The operator T can be factored in the form see 4
T 
X Y

k jT T


X YT TUT
Ž . Ž . ŽŽ ..where k x  x, 0, 0, . . . N , j y, y, . . .  y, andT T T
 
U x N  T x , T x , . . . .Ž . Ž . Ž .Ž . Ý ÝT n T n nž /
n1 n1
We say that j U k is the decomposition of T. This decomposition is aT T T
 refinement of the well-known factorization of Davis et al. 2 .
Ž .PROPOSITION 6. Let H L X, Y be a bounded subset. For each TH,
consider its decomposition T j U k . Then there are operators r T T T T
Ž . Ž .L Y , Y and s  L X , X so that j  j r and k  s k .T H T H T T H T T T H
ŽŽ .. Ž .  Proof. Define r y, y, . . .  y, y, . . . . Then r 	 1 and j T T T
j r .H T
ŽŽ . 
 . Ž . T Ž . Ž .Define also s x  M  x N . Since p x 	 p x for allT n H n T n n
x X, to prove that s is well defined and continuous, it is enough toT

 Ž .show that M N algebraically .H T
 Ž .   Ž  Ž .. nLet  B . Then T  W , so q T  	 2 . Hence,Y n
T  , T  , . . . M .Ž . Ž .Ž . H
Ž . 
So, if x  M , we haven H
 
² :T x ,   x , T   0Ž . Ž .Ý Ýn n¦ ;
n1 n1
 Ž . T Ž . Ž .for all  B . Therefore, Ý T x  0. Moreover, since p x 	 p xY n1 n n n
Ž . Ž T . Ž .for all x X, we have x  l X, p . Therefore, x N . Clearly,n n n T2
k  s k .T T H
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Ž .PROPOSITION 7. Let U be an operator ideal, and let HU X, Y be a
relatiely compact set. Then
Ž . Ž .a Suppose U is closed and injectie, S L X, Z , and, for eery
 0, there is  0 such that
 S x 	  sup T x   x x X .Ž . Ž . Ž .
TH
Then SU.
Ž . Ž .b Suppose U is closed and surjectie, S L Z, Y , and, for eery
 0, there is  0 such that
S B    T B  B .Ž . Ž .Z X Yž /
TH
Then SU.
Proof. Fix  0. We can find T , . . . , T H such that, for each1 n
 4  TH, there is i 1, . . . , n with T T   .i
Ž . a Let x B . There is T H so thatX
    sup T x  T x   x  T x  2 x Ž . Ž . Ž .i
TH
 4for some i 1, . . . , n . Consider the operator
Ž .n
 U: X Y	 			 	 Y , 	 ,ž /
Ž . Ž Ž . Ž ..given by U x  T x , . . . , T x . Then1 n
  sup T x 	  U x  2 x ,Ž . Ž .
TH
 Ž .  Ž .  so S x 	  U x  3 x for all x X. Since UU and U is closed
and injective, by Lemma 2, we get SU.
Ž .  4b Given TH, we can choose i 1, . . . , n so that
T B  T B   B .Ž . Ž . Ž .X i X Y
Consider the operator
Ž .n
 V : X	 			 	 X , 	  Y ,1ž /
Ž . Ž . Ž . Ž . Ž .Žn.given by V x , . . . , x  T x  			T x . Then T B  V B1 n 1 1 n n X X
Ž . Ž .Žn. B . Therefore, S B  V B  3B . Since VU and U isY Z X Y
closed and surjective, by Lemma 3, we get SU.
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COROLLARY 8. Let U be a closed, injectie, and surjectie operator ideal,
Ž .and let HU X, Y be a relatiely compact set. Then j and k belongH H
to U.
Proof. It is enough to apply Propositions 4, 5, and 7.
We now prove that the norm of Y and the norm of Y induce the sameH
topology on the set W.
Ž .PROPOSITION 9. Consider a sequence y W. Then y  yW if andn n
Ž . Ž .only if y , y , y , . . .  y, y, y, . . . in Y .n n n H
Ž .  Proof. We prove the nontrivial part. Take y W with y  y Yn n
0. Fix  0. There is n  so that 2 n0 2. Then y  y 2 n0W for0 m
all m. This implies
q y  y 	 2 n0n m, n . 1Ž . Ž . Ž .n m
Moreover, there is m , so that y  y 2n 0B for all mm .0 m Y 0
Hence,
q y  y 	 2 nn0 n, mm . 2Ž . Ž . Ž .n m 0
Ž . Ž .Therefore, for all mm using 1 and 2 , we have0
n 0
2 2 2y  y , y  y , . . .  q y  y  q y  yŽ . Ž . Ž .Ý ÝYm m n m n mH
n1 nn 10
n 0
2 2Žnn . 2 2Žn n.0 0	  2   2Ý Ý
n1 nn 10

2 2 k 2 2Ý
k0
8 2
 .
3
Proof of Theorem 1. Given a closed, injective, and surjective operator
Ž .ideal U, let HU X, Y be a relatively compact set. For each TH, let
T j U k be its decomposition. By Proposition 6, we can writeT T T
T j r U s k ,H T T T H
where j and k belong to U by Corollary 8.H H
˜ ˆWe denote T r U s k , T j r U s ,T T T H H T T T
˜ ˜ 4H T : TH U X , Y ,Ž .H
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and
ˆ ˆ 4H T : TH U X , Y .Ž .H
˜ ˆLet us check that the sets H and H are relatively compact.
Ž . Ž .Indeed, given a sequence T H, we can assume that T convergesn n
Ž . n0to some TU X, Y . Given  0, choose n with 2  2. Then there0
is m  so that0
T x  T x  2n 0B x B , mm .Ž . Ž . Ž .m Y X 0
The proof of Proposition 9 yields
282˜ ˜T x  T x  x B , mm ,Ž . Ž . Ž .Ym X 0H 3
˜ ˜ ˜Ž .so the sequence T converges to T ; hence H is relatively compact.n
ˆ  ˆ 4On the other hand, we consider the set H  T : TH , which is
ˆ  Ž .the image of H under the isometry T T defined from L X , Y intoH
Ž   .L Y , X .H
Since the subspace M introduced after Proposition 4 is weak-closed,H
we can identify X with M . Then, repeating the proof of Proposition 9,H H
Ž .  we can show that a sequence  W converges to  X if and onlyn
Ž . Ž . if  ,  ,  , . . .  , , , . . . in X .n n n H
ˆThus, the argument we used for H allows us to show that H is
ˆrelatively compact; hence H is relatively compact.
Now we have two factorizations,
˜ ˜ ˜ ˜H j H j T : TH½ 5H H
ˆHk ,H
ˆ˜ ¨ ˜and we can apply the second factorization to H. So denoting HH, we
get
¨H j Hk ,˜H H
¨Ž . Ž .where j U Y , Y , k U X, X , and H a relatively compact subset˜ ¨H H H H
Ž .of U X , Y .H¨ H
Finally, take Z X 	 Y . DefiningH¨ H
u x  k x , 0 , x X ,Ž . Ž .Ž .H˜
 x , y  j y , x , y  Z,Ž . Ž . Ž .H
¨T x , y  0, Tx , x , y  Z,Ž . Ž .Ž .
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it follows from the basic properties of the operator ideals that u,  , and T
belong to U, and it is clear that H is relatively compact. So the theorem is
proved.
Ž .Final Remarks. a The key property we use in our proof of Theorem
1 is that every closed, injective, and surjective operator ideal U is idempo-
tent; i.e., for each TU there exists a factorization T u with u,  U
 7, Corollary 1.9 .
Ž .Since there exists a closed injective resp. closed surjective operator
 ideal which is not idempotent 7, Proposition 2.6 , we cannot extend our
result to this case.
Ž .b If U is the ideal of compact operators, we can assume that Z is
Ž the universal space through which all compact operators factor see 3,
.10 ; indeed, it is enough to factor u and  through this universal space. If
U is factorizable, then the same argument allows the assumption that
Ž .I U Z, Z .Z
ACKNOWLEDGMENT
The authors thank the referee for many helpful comments.
REFERENCES
1. R. Aron, M. Lindstrom, W. M. Ruess, and R. Ryan, Uniform factorization for compact¨
Ž .sets of operators, Proc. Amer. Math. Soc. 127 1999 , 11191125.
2. W. J. Davis, T. Figiel, W. B. Johnson, and A. Pelczynski, Factoring weakly compact´
Ž .operators, J. Funct. Anal. 17 1974 , 311327.
3. T. Figiel, Factorization of compact operators and applications to the approximation
Ž .problem, Studia Math. 45 1973 , 191210.
4. M. Gonzalez, Dual results of factorization for operators, Ann. Acad. Sci. Fenn. Ser. A I´
Ž .Math. 18 1993 , 311.
5. M. Gonzalez and J. M. Gutierrez, Surjective factorization of holomorphic mappings,´ ´
Comment. Math. Uni . Carolin., to appear.
6. W. H. Graves and W. M. Ruess, Representing compact sets of compact operators and of
Ž .compact range vector measures, Arch. Math. 49 1987 , 316325.
Ž .7. S. Heinrich, Closed operator ideals and interpolation, J. Funct. Anal. 35 1980 , 397411.
8. H. Jarchow, ‘‘Locally Convex Spaces,’’ B. G. Teubner, Stuttgart, 1981.
Ž . 9. H. Jarchow, Weakly compact operators on C K and C -algebras, in ‘‘Functional
Ž .Analysis and Its Applications’’ H. Hogbe-Nlend, Ed. , pp. 263299, World Scientific,
Singapore, 1988.
Ž .10. W. B. Johnson, Factoring compact operators, Israel J. Math. 9 1971 , 337345.
11. A. Pietsch, ‘‘Operator Ideals,’’ North-Holland Mathematical Library, Vol. 20, North-Hol-
land, Amsterdam, 1980.
